
Solution to MATH 110 Midterm I EXAM

Problem 1. Given that

(A ∩ C) ⊂ (B ∩ C)

and

(A ∩ C̄) ⊂ (B ∩ C̄),

show that A ⊂ B.

Solution. Let t ∈ A. There are two possibilities:

1) t ∈ A and t ∈ C, and 2) t ∈ A and t ∈ C̄.

In case 1) we have that t ∈ A∩C. Since A∩C ⊂ B ∩C then t ∈ B ∩C. Therefore, t ∈ B.

In case 2) we have that t ∈ A∩ C̄. Since A∩ C̄ ⊂ B ∩ C̄ then t ∈ B ∩ C̄. Therefore, t ∈ B.

Hence, whenever t ∈ A, we have that t ∈ B, which implies A ⊂ B.

Problem 2. (a) From 100 students two groups of 10 students each are selected. In how

many ways can the selection be made so that the tallest student in the first group is shorter

than the shortest student in the second group? (Assume all 100 students are of different

heights.)

(b) We are given a red box, a blue box, a yellow box and a green box. We are also given 10

red balls, 8 blue balls and 6 green balls. Balls of the same color are considered identical.

Determine the number of ways in which we can put all 24 balls into 4 colored boxes if no

box contains a ball of the same color as the box.

Solution.

(a) First we select 20 students out of 100 students. We may do it in C(100, 20) different

ways. We line 20 chosen students from the smallest to the highest.

st1, st2, st3, st4, st5, st6, st7, st8, st9, st10︸ ︷︷ ︸ st11, st12, st13, st14, st15, st16, st17, st18, st19, st20︸ ︷︷ ︸
1st group 2nd group

The first 10 students form the first group, the second 10 students form the second group.

In this case, the tallest student in the first group is shorter than the shortest student in

the second group. Therefore, there are C(100, 20) ways to select two groups of 10 students

each out of 100 students so that the tallest student in the first group is shorter that the

shortest student in the second group.

(b) We first put 10 red balls into blue, yellow and green boxes. We may do it in C(10 +

3− 1, 10) = C(12, 10) distinct ways.

Next, we put 8 blue balls into red, yellow and green boxes. We may do it in C(8+3−1, 8)

ways.

Next, we put 6 green balls into red, yellow and blue boxes. We may do it in C(6+3−1, 6) =
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C(8, 6) different ways.

Totally, there are C(12, 10) ·C(10, 8) ·C(8, 6) ways in which we can put all 24 balls into 4

colored boxes if no box contains a ball of the same color as the box.

Problem 3. Show that for any integer number n ≥ 0,

(11)n+2 + (12)2n+1

is divisible by 133.

Solution. We will prove the statement by the Principle of Mathematical Induction.

Base of Induction: Since 110+2 + 122·0+1 = 133 then base of induction holds for n = 0.

Induction Step: Assume 11k+2 + 122k+1 is divisible by 133 for some k ≥ 1, i.e. 11k+2 +

122k+1 = 133 · l for some integer l. Then

11(k+1)+2 + 122(k+1)+1 = 11 · 11k+2 + 144 · 122k+1 = 11(11k+2 + 122k+1)︸ ︷︷ ︸+ 133 · 122k+1︸ ︷︷ ︸ =

= 11 · 133 · l + 133 · 122k+1 = 133(11 · l + 122k+1).

Therefore, 11(k+1)+2 + 122(k+1)+1 is divisible by 133, whenever 11k+2 + 122k+1 is divisible

by 133. Induction step holds.

Since Base and Induction Step hold then by the Principle of Mathematical Induction

(11)n+2 + (12)2n+1

is divisible by 133 for any integer n ≥ 0.

Problem 4. (a) Let A = {−2,−1, 0, 1, 2, 3}. How many equivalence relations on A

contain at least two equivalence classes of size 2?

(b) Let R be a binary relation on the set of all integers defined as

R = {(x, y) : x2 − y is divisible by 2}.

Is R an equivalence relation? Explain.

Solution.

(A) There is one-to-one correspondence between equivalence relations on A and partitions

of A. Moreover, each equivalence class coincides with one block of partition. Therefore,

the number of equivalence relations on A that contains at least two blocks of size 2 is the

same as the number of partitions of A with at least two blocks of size 2.

There are two possibilities.

1) Partitions we are interested may have three blocks of size 2, or

2) Partitions we are interested may have two blocks of size 2 and two blocks of size 1.

There are C(6,2)C(4,2)
3! = 15 relations in case 1) and C(6,2)C(4,2)

2 = 45 relations in case 2).
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Totally, there are 60 equivalence relations on A containing at least two equivalence classes

of size 2.

(b) Since for any integer x we have x2 − x = x(x − 1) is a product of two consecutive

numbers then for any integer x, x2 − x is divisible by 2, i.e. (x, x) ∈ R for any integer x.

It means R is reflexive.

Let (x, y) ∈ R. Then x2 − y is even. Combining this fact with reflexivity of R, we have

x2 − y︸ ︷︷ ︸ +y2 − x = x2 − x︸ ︷︷ ︸ + y2 − y︸ ︷︷ ︸
even even even

We see that then y2 − x is even, or the same (y, x) ∈ R, whenever (x, y) ∈ R. Hence, R is

symmetric.

Let (x, y) ∈ R and (y, z) ∈ R. Then both x2 − y and y2 − z are even numbers. Then

x2 − z = (x2 − y) + (y2 − z)− (y2 − y) is even. Hence (x, z) ∈ R whenever (x, y) ∈ R and

(y, z) ∈ R, that implies R is a transitive binary relation.

Being reflexive, symmetric and transitive, R is an equivalence relation.

Problem 5. Let R be a symmetric and transitive binary relation on a set A. Also assume

that for every a ∈ A there exists b ∈ A such that (a, b) ∈ R. Show that in this case R is

an equivalence relation.

Solution. To show that R is an equivalence relation it is enough to show that R is reflexive

(we have already given that it is symmetric and transitive).

Let a ∈ A. Then there exists b ∈ A such that (a, b) ∈ R. Since R is symmetric then

(b, a) ∈ R. Now, (a, b) ∈ R, (b, a) ∈ R. Since R is transitive then (a, a) ∈ R. We have

proved that ∀a ∈ A, (a, a) ∈ R. It means R is reflexive.

Being reflexive, symmetric and transitive, R is an equivalence relation.
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